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Linear Spaces with n2 + n + 2 Lines 
KLAUS METSCH 
It is shown that every non-degenerate linear space with n* + n + 2 lines, n >6, has 
u G n2 + I- e points, where e is the unique positive real number with n = te(e + 1). For values 
of n for which e is an integer, it is shown that the linear spaces with n* + 1 -e points and 
n* + n + 2 lines are related to symmetric divisible designs. 
1. INTRoDUC~-~~N 
A yin&) linear space is a pair L = (9,5?) consisting of a finite set 9 of points and a 
set 8 of subsets of 9, called lines, such that any two distinct points occur in a unique 
line, every line has at least two points, and there are at least two lines. The number of 
points is denoted by u and the number of lines by b. The number kL of points on a line 
L is called the degree of L, and the number rP of lines through a point p is called the 
degree of p. A line of degree k is also called a k-line. 
A linear space with a line which contains all but one of the points is called a 
near-pencil. A non-degenerate linear space is a linear space which is not a near-pencil. 
Suppose that L is a non-degenerate linear space with n* + n + 2 lines for some 
integer n 3 1. Then the Theorem of Totten [lo] implies that L has at most n2 + 2 points 
with equality if n = 2 and L is Lin’s Cross, the unique linear space with IJ = 6, b = 8, 
and two intersecting lines of degree 3 and 4. Stinson [8] showed that v c n2 + 1 for 
na4. Wewanttoshowthatb=nZ+n+2andn>6implythatv~nn2+1-e, where 
e is the positive number with n = $e(e + 1). To describe the linear spaces with 
n2 + n + 2 lines and n2 + 1 - e points, we need to define a class of linear spaces (for a 
more general definition and a connection to symmetric divisible designs, see Remark 2 
below). 
Let e 2 3 be an integer and put II = $e(e + 1). Then an L(n, e) is a linear space L 
with n2 - e points and n* + n + 2 lines such that every point lies on a unique line of 
degree n - e and on n lines of degree n. Then L has zr/(n -e) = n + e + 2 lines of 
degree n - e and n2 - e lines of degree n. We can extend L in two different ways. 
Since the lines of degree n - e of L form a parallel-class, we obtain a new linear 
space L’, if we let them intersect in an infinite point. L’ has n2 + 1 - e points and 
n2 -i-n + 2 lines and its point at infinity has degree n + e + 2. We calt L’ a closed 
L(n, e). 
Since every point of L has degree n + 1, an n-line together with the lines parallel to 
it forms a parallel-class II with n + 2 lines. If we let the lines of II intersect in an 
infinite point, then we obtain a linear space, which we denote by L*(n, e). Its infinite 
point has degree n + 2. 
Now we can state our result. 
THEOREM. Suppose that L is a non-degenerate linear space with n2 + n + 2 lines for 
some integer n 3 6. Denote by v the number of its points and by e the unique positive 
reai number such that n = $e(e + 1). Then: 
(a) v G n2 + 1 - e, with equality if e in an integer and L is an L*(n, e) or a closed 
L(n, e). 
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(b) If every point has degree at most n + 1, then v c n2 - e with equality if e is an 
integer and L is an L(n, e). 
REMARKS. (1) For n < 6 the theorem does not hold. For n = 2, Lin’s Cross is a 
counterexample. For 3 c n C 5 a counterexample can be constructed as follows. Let P 
be the projective plane of order n, let L and L’ be two lines, q their point of 
intersection, p a point of L’ - {q}, and pl, pz, p3 three points of L - {q}. We obtain a 
linear space L if we first remove the lines L and L’ and the points of (L U 
L’)\{p, pit ~2, ~3)~ and then add the three sets {p,, p21, {p,, ~4, {p2, p3) as new 
lines of degree 2. The linear space L has n2 + n + 2 lines and v > n2 + 1 - e points, 
where e > 0 is defined by n = $e(e + 1). If there were a projective plane of order 6, 
then this construction would give a linear space with v = n2 + 1 -e points, and the 
theorem would also be false for n = 6. This fact will cause some trouble in the proof of 
the theorem. 
(2) A divisible design GD(k, g, a) is an incidence structure with constant line size k 
and a partition of the points into a subsets of size g, called groups, such that two points 
of different groups are joined by a unique line, while points of the same group are not 
joined. We assume also that g > 1. The number of points is given by v := ug. 
Suppose that D is a symmetric divisible design; that is, it has the same number of 
points and lines. Then the lines cover vk(k - 1) pairs of points, so we must have 
vk(k-l)=v(v-g). If we put g=k-e and a=k+e+z, this yields z(k-e)= 
e(e - l), which implies that z >Oandv=ag=(k+e+z)(k-e)=k*-e. Sincepoints 
of distinct groups are joined by a line and since there are v lines, we must have 
k2 - e = v > g2 = (k - e)2, which implies that e 2 0. 
The lines and groups together induce a linear space which we denote by L = L(k, e). 
It has v = k2 - e points, a parallel class n consisting of k + e + z (where z is given by 
z(k - e) = e(e - 1)) lines of degree g = k - e (the groups), and k2 - e lines of degree k. 
For z = 2, we obtain the linear spaces L(k, e) defined above. 
If z = 0 then e E (0, 1) and L can be obtained from a projective plane by removing 
a line 1 together with its points and a point p together with the lines on this point (then 
e=Oifpefande=lifp$Z). Ifz=1thenk=e2andListhecomplementofaBaer 
subplane in a projective plane of order k. A closed L(k, e) is therefore also called a 
closed complement of a Baer subplane in a projective plane of order k. 
For z 2 2 only two examples of a symmetric divisible designs are known, a 
GD(7,3,15) (so z = 4) and a GD(12,3,45) (so z = 24) (see [l, 41). For more details, in 
particular for non-existence criteria, we refer the reader to 121. 
(3) From every L(n, e) with n = $e(e + l), we may construct another interesting 
linear space. Let p be a point, and denote by L the line of degree n - e through p and 
by N any n-line through p. Use the line N to construct an L*(n, e). If we now remove 
the line L and all the points #p of L, then we obtain again a linear space L. It has 
n2 + 1 - e - (kL - 1) = n2 - n + 2 points and n2 + n + 1 lines. Furthermore, the point p 
has degree n in L. In [6], it is shown that for n 2 6 every non-degenerate linear space 
with n2 + n + 1 lines, v 2 n2 - n + 2 points, and a point of degree at most n satisfies 
v = n* - n + 2 and can be obtained in this way from an L(n, e). 
(4) For every integer b 24 denote by V(b) the largest integer such that there exists 
a non-degenerate linear space with b lines and V(b) points. Then our theorem states 
that V(n2 + n + 2) c n* + 1 - e, where e > 0 is defined by n = fe(e + 1). However, we 
do not know if this bound is sharp. In general, the following is known about the 
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function V(b): 
n2-n+2 I if b =n’+n - 1; (1) n2-t1 if b=n’+n; (2) 
V(b) s 
n’+n+l ifb=n’+n+l; 
n2-e+l if b = n2 + n + 2 and n = $e(e + 1); 
(3) 
(4) 
n2 + z ifb=n’+n+z, 3<zGn+l; (5) 
n’+n+l ifn2+2n+2~bGn2+3n=(n+1)2+(n+1)-2. (6) 
This follows from the Theorem of Totten [lo], the results obtained by Erdiis et al. in 
[3] and the main result of this paper. We remark that the above bound for V(b) is 
sharp in (l), (2), (3) and (5) iff n is the order of a projective plane [3,6]. The situation 
in (6) is more complicated. The known examples for linear spaces with n2 + n + 1 
points and b lines, where b = n2 + n + b’, n + 2 G b’ s 2n, are affine planes of order n 
with a linear space D at infinity, where D has n + 1 points and b’ lines. So the bound 
for V(n2 + n + b’) in (6) is known to be sharp only if n is the order of an affine plane 
and if there exists a linear space with n + 1 points and b’ lines. 
2. PRELIMINARY RESULTS 
We shall make use of the following results, the first of which is one of the first 
embedding theorems for (n + 1, 1)-degrees. An (n + 1, l)-design consists of a set 9 of 
poinrs together with a family B of subsets of 9, called lines, such that every point is 
contained in n + 1 lines and any two distinct points are joined by a unique line. Given 
two (n + 1, l)-designs (or linear spaces) D = (8, Z’) and D’ = (9’, Z’), D is said to be 
embedded in D’ if 9 c_ 9’ and if there is an injective map from 23 into 2” which 
assigns to every line L E 3’ a line L’ E 58’ with L E L’. 
RESULT 1 (Vanstone [ll]). Let D be an (n + 1, 1)-design with n2 + n + 1 lines and v 
points and suppose some point is contained in s lines of degree n. if w + s 2 n2 >, 4 then 
D can be embedded into a projective plane of order n. 
RESULT 2 (Stanton and Kalbfleisch [7]). For integers k and v with 2 s k s v - 1 define 
the function 
f (k, v) := 1 + k2;_-lk). 
Then every linear space with v pointi, b lines and a line of degree k satisfies b 2 f (k, v). 
RESULT 3 (Tarry [9]). Th ere is no projective plane of order 6. 
RESULT 4 (Metsch [5]). Let n 2 2 be an integer and suppose that L is a non-degenerate 
linear space with v > n2 - In + 1 points and b c n2 f n + 1 lines. If L has a point of 
degree at least n + 2, then L can be embedded into the closed complement of a Baer 
subplane in a projective plane of order n. 
3. PROOF OF THE THEOREM 
Throughout this section L = (9,Z) denotes a non-degenerate Linear space with 
b = n2 + n + 2 lines for some integer n 5 6, z1 denotes the number of its points, and e 
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denotes the unique positive number with n = ie(e + 1). We shall use the following 
notation: 
T = c (r, -n - l), f =n2-21, 
PEP 
dL=n-kL and tL = 2 (rp - n - 1) for every line L. 
PEL. 
The geometric meaning of tL is that the line L meets ktn + tL other lines. The theorem 
will be proved by means of several lemmas. 
LEMMA 1. C,,A,(f - dL) = (2n -f - 1)T - n[2n -f (f + 111. 
PROOF. This is a consequence of the following two equations, 
linear space: 
which hold in every 
v(v - 1) = 2 kL(kL - 1) and v(n + 1) + T = 2 rP = c kL. 
LEJZ PC9 LEY 
LEMMA 2. If v 3 n2 - e and every point has degree at most n + 1, then L is an 
L(n, e). 
PROOF. Since every point has degree at most n + 1, every line has degree at most 
n + 1. Assume that there is a line L of degree n + 1. Then L meets all other lines (since 
every point outside L has degree n + 1) and L meets at most n2 + n other lines (since 
every point of L has degree at most n + 1). This contradicts b = n2 + n + 2. 
Hence every line has degree at most n. This implies that v - 14 r,(n - l), i.e. 
rP >n, for every point p. Since, by hypothesis, every point has degree at most n + 1, 
we conclude that every point has degree n + 1, so that T = 0. If p is a point of a line L, 
then 
n* - f = v c kL + (rP - l)(n - 1) = k, + n(n - l), 
so that kL 2 n -5 Therefore every line L satisfies dL(f - dL) 3 0, with equality iff 
dL E (0, f}. In view of n = fe(e + 1) and e 2 f, Lemma 1 therefore implies that e = f 
and dL E (0, f} for every line L. From v = n* -f, it follows that every point lies on a 
unique line of degree n -f and on n lines of degree n. By definition, L is an L(n, f). 
q 
From now on we assume that v 3 n* - e + 1, i.e. that f s e - 1, and that some point 
has degree at least n + 2. In order to prove the theorem, we have to show that L is 
either an L*(n, e) or a closed L(n, e). 
LEMMA 3. Every line has degree at most n + 1. 
PROOF. Assume that there is a line L with k := kL an + 2. Since L is not a 
near-pencil, we have k s v - 2. Result 2 implies that 
baf(k, v)amax{f(n+2, v),f(v-2, v)}. 
First consider the case b 2 f (n + 2, v). Then 
(n’ + n + l)(v - 1) 2 [f(n + 2, v) - l](v - 1) = (n + 2)2(v - n - 2), 
so that 
0 3 (n + 1)[3(v - 1) - (n + 2)*]. 
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In view of u>n*-e + 1, we conclude that 3(n2-e)~(n +2)2. Hence 4+3ea 
2n(n - 2) = e(e + l)(n - 2). This contradicts n 2 6 and n = $e(e + 1). Now suppose that 
6 af(v - 2, v). Then 
(n” + n + l)(V - 1) 2 [f(v - 2, 21) - lJ(v - 1) = 2(V - 2)2, 
so that 
n2 + n + la (V - 2)[2(V - 2) - n2 - n - l] > (V - 2)[(v - 2) - n - e - 21. 
In view of rz2 + n + 1 s u + n + e, this implies that 
n + e + 2 2 (v - 2)[(v - 2) - n - e - 31. 
It follows that v - 2 d n + e + 4. Using v 3 n2 + 1 - e, 2n = e(e + 1) and n 3 6 gives a 
contradiction as before. cl 
LEMMA 4. (a) Zf an n-line N is parallel to some intersecting lines H and L, then 
(d, + l)(dt. + 1) z-n-t,anddn+dL+2~2~~. 
(b) Every n-line meets each line of degree n + 1. 
(c) Zf A is the set of lines parallel to an n-line N, then (A( = n + 1 - tN and 
n’-n-f +(T-tN)=Xt,EAkkL. 
PROOF . Suppose that N is an n-line and denote by Jcc the set of lines parallel to N. 
In view of b = n2 + n + 2, we have ldAc( = n + 1 - t,. Counting in two ways the number 
of incident point-line pairs (p, L) with L E A4 gives the equation in part (c), since 
every point p not on N is contained in rP - n lines of .& and because CpQN (rp - n) = 
v - kN + (T - tn). 
Assume that N is parallel to a line L of degree n + 1. Then every point of N has 
degree at least n + 2, which implies that tN 2 n. In view of v > 2n + 1 = kL + k,,,, there 
exists a point p outside of L and N. Since p is outside of L, it has degree at least n + 1; 
therefore it lies on a line H parallel to N. We conclude that J&l 5 j{L, H}( = 2, which 
contradicts l&l = n + 1 - tN c 1. Thus N meets every line of degree n + 1. 
Now suppose that two lines H and L of .,U intersect in a point q and set 
r4 = n + 1 + s. H meets tH other lines of & and L meets tL other lines of A. Since q is 
contained in s + 1 lines of .M, there are at most tH + tL + 1 - s lines in JU which meet L 
or H. Thus there are at least J& U {N}I + s - 1 - tH - tL = n + s + 1 - t, - tH - tl. lines 
in A U {N} which are parallel to H and L. It is easy to see that the number of lines 
parallel to H and L is given by (dn + l)(dL + 1) + 1 + s - tH - tL,. Hence (dn + l)(d, + 
1) 2 n - tN, which implies that dn + dL + 2 2 2G. q 
LEMMA 5. Zf there is a point q of degree at most n, then q has degree n, any other 
point has degree at least n + 1, and q lies on at least n - 1 -f 2 n - e 3 3 lines of degree 
n + 1. 
PROOF. If [Y denotes the number of lines of degree n + 1 passing through q, then 
n2 -f = v S 1 + (r4 - a)(n - 1) + LMz = 1 + r,(n - 1) + (Y. 
In view of a:sr, Sn, we obtain rq=n and aan-1-fsn-e. If es3 then 
n--23, sincena6, andifea3thenn-ea3, sincen=4e(e+l). Thusqliesonat 
least 3 lines of degree n + 1, which implies that every point other than q has degree at 
least n + 1. q 
LEMMA 6. Zf there is a point q of degree n, then any line L of degree n + 1 passes 
through q and its n points #q have degree n + 1. 
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PROOF. Obviously, every line not on q has degree at most ry = n. Denote by 
L,,..., L, the lines of degree n + 1 through q. By Lemma 3, (Y 3 n - 1 -f 3 3. 
Assume that L, contains a point q1 of degree at least n + 2. Then L, meets at least 
n* + n other lines. Let Hz be a line through q, which misses Lz, and let q3 be a point of 
Hz - {qI}. Since q3 lies on the line Hz which meets L, and misses L,, it also lies on a 
line Hi which misses L, and meets L2 in a point q2. Since L, meets n2 + n other lines, 
H, is the only line parallel to L,. It follows that every point outside of H, and L, has 
degree n + 1 and every point of H1 has degree n + 2. Since every point of Hz has 
degree at least 1 Lz( + 1 = n + 2, we obtain Hz = {ql , q3}. By the same argument, every 
point outside of Lz and Hz has degree n + 1, every point of H, has degree n + 2, and 
H, = {q2, q3}. Hence q has degree n, the points ql, q2 and q3 have degree n + 2, and 
all remaining points have degree n + 1. 
If X is any line through q which does not contain q,, q2, or q3, then H, and Hz are 
parallel to L. Since q3 has degree n + 2, this implies that X has degree at most n. Since 
q lies on man-- l-f?=3 lines of degree n+l, we conclude that cu=n-l-f=3 
and the third line L3 of degree n f 1 through q must contain q3. Also, the line L3 
meets n* + n other lines; therefore it is parallel to a unique line H3. Since the points of 
H3 have degree n + 2 and because q1 and q2 are the only points of degree n + 2 outside 
of L3, we have H3 = {q, , q2}. Now we have found three 2-lines H, , H,, H3 which form 
a triangle. 
If we replace the lines HI, H2, and H3 by the new line {ql, q2, q3} and add the new 
line {q} of degree 1, then we obtain an (n + 1, 1)-design D with it* + n + 1 lines and u 
points. Furthermore, each point x of D which does not lie on one of the three lines of 
degree n + 1 is contained in at least n -f lines of degree n (count the number of points 
using the lines through x). In view of ZJ + (n -f) = n* + n - 2f 2 n*, Result 1 implies 
that D can be extended to a projective plane of order n. However, the equations 
3=n-l-f, n=ie(e+l), n 2 6, and f c e - 1 imply that n = 6, and this contradicts 
Result 3. q 
LEMMA 7. Suppose that N is a line of degree n with thr > 0. Then tN = 1 and N meets 
any other n-line. 
PROOF. Let LY be the number of points outside of N which have degree at least 
n + 2 and set T’ : = T - tN. Since there is at most one point of degree n (Lemma 5), we 
have T’ 3 CY - 1 with equality iff there is a point of degree n off N and any other point 
not on N has degree n + 1 or n + 2. If JU denotes the set of lines parallel to N, then 
Lemma 4 shows that (.ku( = n + 1 - tN and 
n”-n-f +(a-l)Sn*-f -n+T’c c kL. 
LEA 
If every line of .M has degree at most n - 1, then we obtain 
n* - n -f + ((u - 1) 6 (n + 1 - tN)(n - 1) 
so that (tN - l)(n - 1) 4 f + 1 - cx s e - IX c e, which proves that tN = 1. 
It remains to show that N meets all other n-lines. Assume that N is parallel to a line 
N’ of degree n. Since tN > 0, there is a point p E N with rP 2 n + 2. The point p lies on 
a line H # N which is parallel to N’. Let s be a point of H - {p}. Then s also lies on a 
line H’ which misses N and meets N’. If p’ is the point of intersection of N’ and H’, 
then p’ has degree at least n + 2, which implies that CY 2 1. Lemma 4(a) shows that 
1 + dn, = (1 + d,.)(l + dH,) an-tCN, i.e. tN+1Sn-d,.=k,,>2. 1nviewofH’E.k 
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it follows that 
n* - n -f c c kL s (n - t,)n + k,, s (n - t,)n + tN + 1 
LE"U 
and thus 
(n - l)(tN - 1) <f + 2 <e + 1. 
Since 6 < n = ?e(e + l), we have n 3 e + 3; therefore fN < 2. Hence tN = 1 and k,. = 2. 
Let /3 be the number of n-lines in .A Then 
n”-n-f+@-l)<n’-n-f+T’= c k,=sk,.+(n-t,)(n-l)+/? 
LEA4 
= 2 + (n - l)(n - 1) + p, 
whence 
nsf+4+/?- cu<e+3+P-a. 
By the same argument that we used for N’, every n-line of JU has a point of degree at 
least n + 2. Since no two n-lines of A meet (this follows from tN = 1 and Lemma 4(a)), 
we conclude that there are at least /3 points not on N which have degree at least n + 2, 
i.e. cua/3. Hence nse+3+/3- cuse+3. In view of 6cn=ie(e+l), we obtain 
n=e+3,=6, sothatcu=/IandT’=(Y-1. T’=a:-lmeansthatthereisapointqof 
degree n not on N and any other point off N has degree n + 1 or n + 2. By Lemma 5, q 
is contained in at least three lines Li, L,, and L3 of degree n + 1. It follows that the 
2-line H’ is parallel to a line of degree n + 1 (note that q $ H’, since every line through 
q meets N), which implies that every point of H’ has degree at least n + 2. Lemma 6 
now shows that H’ is parallel to every line of degree n + 1. Similarly, H is parallel to 
every line of degree n + 1. Since H and H’ intersect in the point s, the point s has 
degree at least n + 3. But we have shown that every point outside of N has degree n, 
n + 1 or n + 2, a contradiction. 
LEMMA 8. Every point has degree at least n + 1. 
PROOF. Assume that there is a point q of degree n. By Lemma 5, q is contained in 
LY 5 n - 1 - f lines of degree n + 1. Furthermore, each point #q on one of these a lines 
has degree n + 1. Let L be any line of degree n + 1 through q. Then L meets 
n2 + n - 1 other lines, so L is parallel to two lines H and G. Every point of G and H 
has degree n + 2, except when G and H intersect, in which case the point of 
intersection has degree n + 3. Therefore H is parallel to the (Y lines of degree n + 1 
through q. Hence kH 6 r4 - ~~sf+l. LetpbeapointofHwhichisnotonG. Iffiis 
the number of n-lines through p, then 
n2-f=v~k,+(r,-1)(n--2)+~=k,+n2--n-2+/3~n2-n-1+f+~, 
so that b 2 n + 1 - 2f > 1. Consequently, p lies on a line N of degree n with q $ N. 
Since q is the only point of degree n, we have tN 3 1. Thus Lemma 7 shows that tN = 1. 
Hence every point #p of N has degree n + 1, which implies that N is parallel to G. If 
A is the set of lines parallel to N, then every line of A has degree at most n - 1 
(Lemma 7) and G E 4. Therefore Lemma 4 shows that 
n2 - n -f + (T - tN) s I.4 - (C)[(n - 1) + k, = (n - t,,,)(n - 1) + kc. 
It follows that k ,sn-1--f+(T-t,)>T-t,. But 
T - tN = c (rx - n - 1) = k,; + (kH - 1) - l(q)1 3 kc 
XW 
(note that, if G and H meet, then the point of intersection has degree n + 3). This 
contradicts kc > T - tN. cl 
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LEMMA 9. Suppose an n-line N exists with thi = 1. Then every line contains a point qf 
degree n + 1. 
PROOF. In view of Lemma 8 and t,,, = 1, N contains a unique point 9 of degree 
n + 2. Let Ju be the set of lines parallel to N, set T’ = T - tN, and let (Y denote the 
number of points of degree at least n + 2 outside of N. Then 
T’ = T - tN = c (r,, -n - 1) 3 LY. 
P@N 
From Lemma 4 we obtain ldl=n+l-tt, and n2-n--f+T’=C,,,k,, which 
implies that 
T’+ c (dL- l)cf. 
LEA 
Assume that there is a line H which has no point of degree n + 1. 
First we consider the case in which H is parallel to N. Then we have (Y 2 kH, hence 
T’ 3 k,. Since each line of 4 has degree at most n - 1 (Lemma 7), we obtain 
T’+ 2 (dL-l)aT’+(dH-l)bkH+dH-l=n-l>f, 
LE.44 
a contradiction. 
Now consider the case in which H meets N. Then H rl N = (4) and (Y 2 kH - 1. Let 
p be any point of H - (4). Then rp 2 n + 2, so that p lies on two lines L and G of A. 
Lemma 4(a) shows that (dL - 1) + (dd - 1) 5 (dL - 1) + (dG - ) 3 2j&? - 4. Since 
this holds for each of the kH - 1 points of H - {q}, we obtain 
T’+(k,-1)(2--4)<T’+ 2 (d,-l)<fse-1. 
LE"44 
(1) 
Consequent1 , T’ 6 kH - 1 (if T’ were at least kH then we would obtain 2a - 3 s 
(kH - 1)(2 /- n - 1 - 3) s e - 2, which contradicts 6 <n = ie(e + 1)). In view of T’ 3 
aLkH- 1, we obtain T’ = LY = kH - 1. It follows that every point of H has degree n + 2 
and any other point has degree n + 1. Furthermore, (1) implies that kH = 2, so 
H = {q, p} for a point p not on N. The two lines L and G through p which miss N 
satisfy dL + dc + 2 3 2m. Since 4(n - 1) = 2e(e + 1) - 4 > 2eZ, we conclude that 
dL+d,+2>efi>e+1>f+2. HencedL+dcsf+l. 
Every line through p has degree at most n (if X were a line of degree n + 1 through 
p, then X would meet n* + n + 1 other lines and q would lie on a line parallel to X, 
contradicting b = n* + n + 2). Counting the number of points from p now shows that 
d, + dc =f + 1 and every line #H, G, L through p has degree n. 
Counting the number of points from q shows that q lies on an n-line N’ #N. N’ 
meets n - 1 of the n lines parallel to N. Hence N’ meets L or G. Therefore p also lies 
on a line F which misses N’ and meets N. We have F # H, G, L, so F has degree n. 
But Lemma 7 says that N’ meets every n-line. This contradiction completes the proof. 
cl 
LEMMA 10. If there exists a line of degree n + 1, then L is an L*(n, e). 
PROOF. First consider the case in which there exists a line L of degree n + 1 
containing a point q of degree at least n + 2. Since rp 2 n + 1 for every point p and 
b = n* + n + 2, this implies that q has degree n + 2, that L meets all other lines, and 
that every point other than q has degree n + 1. It follows that every line of degree 
n + 1 passes through q (if q were not on a line L’ of degree n + 1, then q would lie on a 
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line H parallel to L’ and every point of H would have degree at least n + 2). If p is any 
point other than 4, then the line X :=pq satisfies 
n*+l-esk,+(r,-l)(n-1). 
Hence k x > n + 1 - e > 2 for every line X through q. Therefore, if we remove the 
point q, we obtain a linear space L’ with v’ = v - 13 n2 - e points, b’ = 6 lines, 
constant point degree n + 1, and maximal line degree n. By Lemma 2, L’ is an L(n, e). 
so L is an L*(n, e). 
It remains to show that some line of degree n + 1 contains a point of degree at least 
n + 2. Assume that every line of degree n + 1 has only points of degree n + 1, and fix a 
line L of degree n + 1. Then L meets n* + n other lines and so is parallel to a unique 
line H. Every point of H has degree n + 2, every other point has degree n + 1, and H 
is the unique line which is parallel to every line of degree n + 1. Since H has no point 
of degree n + 1, Lemma 9 shows that t,,, = 0 for every n-line N. Thus H is also parallel 
to every n-line. Consequently, if q is any point of H, then 
n2 + 1 - e d v G kH + (r4 - l)(n - 2), 
so that k H 3 n + 3 - e. Let p be any point outside of H. Since the lines px, x E H, have 
degree at most n - 1, we have 
n2+1-e~v~1+k,(n-2)+(r,-k,)n=n2+n+1-2k,~~2-n-5+2e. 
Thus 3ean+6. Hence n=e+3=6 and k,=n+3-e=n. But t,=O for every 
n-line, a contradiction. 
LEMMA 11. @every line has degree at most n, then L Is a closed L(n, e). 
PROOF. We prove this lemma in several steps. By Lemma 8, every point has degree 
at least n + 1. 
Step 1. There is a point of degree n + 1. If every point had degree at least n + 2, then 
counting incident point-line pairs would yield the contradiction bn 2 v(n + 2). 
Step 2. If p is a point of degree n + 1, then CL_, dL = f and t, - 2 s dL c f for every line 
L through p. CL+, dL = f follows from n* -f = v = 1 + CL+ (k, - 1). This implies that 
d, 6 f for every line L on p and that p lies on at least r,, -f > 1 lines of degree n. 
Now let L be any line through p and let N f L be an n-line through p. Then L meets 
k, - 1 + tL = n - 1 - dL + tt of the lines parallel to N. Since N is parallel to n + 1 - t, 
lines, we obtain tL G dL + 2 - tN_ 
Step 3. Zf every line has degree at least n -f, then T *f + 2, with equality iff f = e - 1 
and every line has either degree n or n -f. By Lemma 1 and in view of 0 G dL s f s 
e - 1 for every line L, we have 
0 d &dAf - dJ = (2n -f - 1)T - n[2n -f(f + l)] 
= (2n -f - l)(T -f - 2) - (n - 1)[2n - (f + l)(f + 2)] 
G (2n -f - l)(T -f - 2). 
Hence T 2 f + 2 with equality only if dL E (0, f} for every line L and if e(e + 1) = 2n = 
(f + l)(f + 2), which implies that f = e - 1. 
Step 4. Every n-line contains only points of degree n + 1. For: assume there is an n-line 
N with a point q of degree at least n + 2. Then tN > 0. Therefore, Lemma 7 shows 
t, = 1 and that every line parallel to N has degree at most n - 1. Lemma 4(c) implies 
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that n2 - n -f + T - t, s (n + 1 - tv)(n - 1) = n2 - II. Hence T 6f + 1. Since every 
line has a point of degree n + 1 (Lemma 9), Step 2 implies that every line has degree at 
least n -J In view of T Sf + 1, this contradicts Step 3. 
Step 5. Suppose that there exists a line H which has no point of degree n + 1. Then 
Y + 1 - kn > n2 + 1 - sn, and every point of H has degree at least n + 3. Fix a point p of 
degree n + 1. Step 2 shows that p lies on at most f lines which do not have degree n. 
Since H misses every n-line (Step 4), kn of Let h be any point of H. Since h is not 
contained in any n-line (Step 4), we have n2 - f = v < kn + (r,, - l)(n - 2), so h has 
degree at least n + 3. 
Now consider two n-lines N and N’ passing through the point p. In view of Step 4, 
there are n - 1 lines which meet N’ and miss N. Hence there are two lines which miss 
N and N’. Since H is parallel to N and N’, it follows that H has a point q which does 
not lie on a second line parallel to N and N’. Since q has degree at least n + 3, it lies on 
two lines X, Y # H which miss N. The lines X and Y meet N’; therefore, they have a 
point of degree n + 1. 
Consequently, kn <f + 1 - dy and kn G f + 1 - d,; this can be seen as follows. Let 
x be the point of degree n + 1 in which N’ and X meet. Then Step 2 shows that x lies in 
at most 1 + (f - dx) lines the degree of which is not n. Since H misses every n-line 
(through x), it follows that kn cf + 1 - dX and the same argument shows that 
knsf+l-ddy. 
From Lemma 4(a) we obtain (dX + l)(d, + 1) 3 n - tN = n = $e(e + 1) 2 i(f + 
l)(f + 2). Since dy + 1 G f + 2 - kn of, we conclude that dX > i(f + 1) and k, 6 
f +l-d,=#. N owv+l-kH>n2+1-$zfollowsfrom2~kH~-$andn=ie(e+ 
1) 3 i(f + l)(f + 2). 
Step 6. Every line has a point of degree n + 1; in particular, every line has degree at 
feast n -f. Assume that there is a line H without a point of degree n + 1 and denote by 
q a point of H. By Step 5, r4 3 n + 3. 
We construct a new linear space L’ from L in the following way. We remove the line 
H and the points fq from H. Should such a procedure yield lines of degree 1 (coming 
from 2-lines in L which meet H\(q)), these are deleted too (but their points are kept). 
The resulting structure L’ is then in fact a linear space. It has v + 1 - k, > n* + 1 - jn 
points (Step 5) and at most b - 1 = n2 + n + 1 lines. Furthermore, the point q has 
degree at least n + 2 in L’. Result 4 shows that L’ can be embedded into the closed 
complement D of a Baer subplane in a projective plane of order n. Since D has a 
unique point q’ of degree #n + 1, which lies only on lines of degree n + 1 - fi, we 
conclude that q’ corresponds to q and every line #H of L through q has degree at most 
n+l-fi. 
In the same way it follows that every line of L which meets H has degree at most 
n + 1 - fi. Hence if x is any 
have degree at most n + 1 - P 
oint of degree n + 1 then x lies on kn 3 2 lines which 
It. In view of 2(fi - 1) > e - 12 f, this contradicts Step 
2. 
Step 7. If a line L satisfies tL > dL, then 2dL ?=f and equality implies that L meets a line 
of degree n - f. Set d = dL and t = CL, and suppose that f > d. 
Assume that every line parallel to L has degree at most n - 1. Since L misses 
m := (d + 1)n + l- t < (d + 1)n - d lines and because each of the v - kL. points outside 
of L is contained in at least d + 1 of the lines parallel to L, we obtain 
(n’ -f + d - n)(d + 1) = (v - k,)(d + 1) G m(n - 1) < [(d + l)n - d](n - 1). 
Hence d(n + d -f) “f. In view of d 2 1 (Step 4), we obtain n + 1 =z 2f, which 
contradicts n = fe(e + 1) Z= i(f + l)(f + 2). 
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Consequently, L is parallel to an n-line N. In view of t > 0, L contains a point q of 
degree at least n + 2. Let Zf be a second line through q which is parallel to N. Lemma 4 
shows that 
(d + l)(& + 1) 2 (n - fN) = n = $e(e + 1) 2 t(f + l)(f + 2). 
In view of d H of (Step 6), we conclude that d 2 if with equality only if H has degree 
n-f. 
Step 8. T c f + 2. First consider the case in which there is a line L of degree n -f and 
let p be a point of degree n + 1 of L (Step 6). By Step 2, t, s f + 2 and L is the only 
line through p which does not have degree n. Since t, = 0 for every n-line N, this 
implies that T = tL s f + 2. 
Now suppose that there is no line of degree Q -f and let p be any point of degree 
rt + 1. Then Steps 2 and 7 imply that p lies on at most one line L with tL > dL and that 
t, < dl, + 2 (and d, > d/2) in this case. From Step 2 it follows that T = xx,, tx s 
2+c x&x =f +2. 
Step 9. L is a closed L(n, e). Steps 3, 6 and 8 imply that T = f + 2 = e + 1 and that 
every line has degree n -f or n. Consequently, every point of degree n + 1 lies on a 
unique line of degree n -f and on n lines of degree n. 
In view of T = f + 2, there is a point q which does not have degree n + 1. By Step 4, 
q is not contained in a line of degree n. Hence every line through q has degree n -f. It 
follows that n*-e=v-l=r,(n-f -l)=r,(n-e), so that rq=n+e+2=n+l+ 
T. Hence every point other than q has degree n + 1 and L is a closed L(n, e). 
Step 9 completes the proof of Lemma 11, and the proof of the theorem is also now 
completed. 0 
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